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TECHNICAL  NOTE  2643 


SPAN  LOAD  DISTRIBUTIONS  RESULTING  FROM  ANGLE  OF  ATTACK , 
ROLLING,  AND  PITCHING  FOR  TAPERED  SWEPTBACK  WINGS 
WITH  STREAMWISE  TIPS 


SUPERSONIC  LEADING  AND  TRAILING  EDGES 
By  John  C.  Martin  and  Isabella  Jeffreys 


SUMMARY 


On  the  basis  of  the  linearized  supersonic-flow  theory  the  span  load 
distributions  resulting  from  constant  angle  of  attack,  from  steady  rolling, 
and  from  steady  pitching  were  calculated  for  a  series  of  thin  sweptback 
tapered  wings  with  streamwise  tips  and  with  supersonic  leading  and  trailing 
edges.  The  results  are  valid  for  the  Mach  number  range  for  which  the 
Mach  line  from  either  wing  tip  does  not  intersect  the  remote  half -wing. 

The  results  of  the  analysis  are  presented  as  a  series  of  design 
charts.  Some  illustrative  variations  of  the  spanwise  distribution  of 
circulation  with  the  various  design  parameters  are  also  presented. 


INTRODUCTION 


A  knowledge  of  aerodynamic  spanwise  loading  is  of  great  value  in 
performing  aerodynamic  calculations.  In  references  1  to  4  the  linearized 
upwash  behind  a  lifting  wing  is  shown  to  be  largely  determined  by  the 
spanwise  loading  except  for  the  region  close  to  the  trailing  edge.  It 
may  also  be  demonstrated  that,  except  in  the  vicinity  of  the  trailing 
edge,  the  sidewash  velocity  component  is  also  largely  determined  by  the 
spanwise  loading.  The  aim  of  the  present  paper  is  to  determine  spanwise 
loadings  for  a  series  of  thin  sweptback  tapered  wings  with  streamwise 
tips  and  with  supersonic  leading  and  trailing  edges.  These  spanwise 
loadings  can  be  utilized  in  connection  with  the  estimation  of  flow  fields 
although  the  results  of  the  analysis  may  also  be  applied  to  problems  in 
aerodynamic  loads  and  aeroelasticity. 

The  spanwise  distribution  of  circulation  resulting  from  a  constant 
angle  of  attack  was  evaluated  chiefly  because  of  the  significance  of  the 
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downwash  induced  by  the  wing  on  the  horizontal  tail  surfaces.  Similarly, 
the  spanwise  distribution  of  circulation  resulting  from  a  constant  rate 
of  roll  was  evaluated  principally,  because  of  the  significance  of  the 
.  velocities  induced  by  the  wing  on  the  tail-surface  contribution  to 
stability  and  damping.  The  spanwise  distribution  of  circulation  resulting 
from  a  constant  rate  of  pitch  was  evaluated  because  of  the  possible 
importance  of  the  downwash  induced  by  the  pitching  wing  on  the  horizontal 
tail  surfaces  and  because  the  downwash  resulting  from  a  pitching  wing  is 
one  component  of  the  downwash  induced  by  a  wing  with  a  constant  vertical 
acceleration.  (See  reference  5.) 

This  paper  presents  calculated  curves  for  the  spanwise  distribution 
of  circulation  (the  spanwise  distribution  of  circulation  is  proportional 
to  the  spanwise  loading)  resulting  from  a  constant  angle  of  attack,  a 
constant  rate  of  roll,  and  a  constant  rate  of  pitch.  The  wings  considered 
have  an  arbitraty  taper  ratio,  leading  and  trailing  edges  that  are 
straight  across  the  semispan  and  swept  at  a  constant  angle,  and  tips 
that  are  parallel  to  the  free-stream  direction.  The  results  are  valid 
for  the  range  of  Mach  number  for  which  the  leading  and  trailing  edges 
are  supersonic. 

The  results  of  the  analysis  are  given  in  the  form  of  generalized 
equations  for  the  spanwise  distribution  of  circulation  resulting  from 
a  constant  angle  of  attack,  a  constant  rate  of  roll,  and  a  constant  rate 
of  pitch.  A  series  of  design  curves  is  presented  from  which  rapid 
estimation  of  the  spanwise  distributions  of  circulation  can  be  made 
for  given  values  of  aspect  ratio,  taper  ratio,  Mach  number,  and  leading- 
edge  sweep.  Some  illustrative  varis.tions  of  the  spanwise  distributions 
of  circulation  are  also  presented. 


SYMBOLS 


A  aspect  ratio 

B  =  \|m2  -  1 

h  spanwise  coordinate  of  intersection  of  trailing  edge  of  wing 

and  Mach  line  from  wing  tip 

C}  section  lift  coefficient 

ACp  pres sure -difference  coefficient 

c  chord  (subscript  r  refers  to  root  chord) 

c  mean  aerodynamic  chord 
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spanwise  coordinate  of  intersection  of  trailing  edge 
of  wing  and  Mach  line  reflected  from  wing  tip 

spanwise  coordinate  of  intersection  of  trailing  edge 
of  wing  and  Mach  line  from  leading  edge  of  wing 

expression  for  that  part  of  boundary  of  area  S]_ 
not  made  up  of  Mach  lines  from  point  (x,y)(see 
fig.  3) 

y)  limits  of  integration  (see  fig.  3) 

distance  in  chord  lengths  from  wing  apex  to  center -of - 
gravity  location  for  wing  with  a  static  margin 
of  0.05c 

wing  span 


AB(1  +  X) 

AB(1  +  A,)  -  4mB(l  -  X) 
spanwise  loading 

Mach  number 
cot  A 

defined  by  equation  (6) 
rate  of  roll 
rate  of  pitch 
area  of  integration 
free-stream  velocity 

rectangular  coordinates  (x-axis  parallel  to  free- 
stream  direction) 

auxiliary  rectangular  coordinates 
angle  of  attack 

spanwise  distribution  of  circulation' (defined  by 
equation  (2)) 
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velocity  potential  on  wing  upper  surface 
sweep  of  wing  leading  edge  (see  fig.  l) 
sweep  of  wing  trailing  edge  (see  fig.  l) 
taper  ratio 

indicates  a  closed  line  integral 

TE  refers  to  wing  trailing  edge 

ANALYSIS 

Scope 
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The  analysis  is  limited  to  calculations  of  the  spanwise  distributions 
of  circulation  for  wings  of  vanishingly  small  thickness  that  have  zero 
camber.  The  results  are  valid  for  a  range  of  supersonic  speeds  for  M 

which  the  leading  and  trailing  edges  are  supersonic  (the  components  of 
free-stream  velocity  normal  to  the  edges  are  supersonic).  The  wing 
configurations  considered  are  defined  by  the  information  and  sketches  v 

given  in  figure  1.  These  wings  have  an  arbitrary  taper  ratio,  stream- 
wise  tips,  and  sweptback  leading  edges,  although  the  trailing  edges  may 
be  either  sweptback  or  sweptforward.  A  further  restriction  is  that  the 
Mach  line  from  either  tip  may  not  intersect  the  remote  half -wing. 


Method 

Basic  considerations.-  The  evaluation  of  the  spanwise  loadings 

generally  requires  the  knowledge  of  the  pressure  distribution  on  the 
wing  surface  or  the  knowledge  of  the  perturbation  velocity  potential 
along  the  wing  trailing  edge.  These  two  quantities  are  related  by  the 
following  expressions 


cc  i 
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The  spanwise  distribution  of  circulation  is  related  to  the  spanwise 
loading  and  the  trailing-edge  potential  by  the  following  equation: 


In  the  remaining  sections  the  spanwise  distribution  of  circulation  will 
be  used  in  preference  to  the  spanwise  loading  since  flow-field  calculations 
are  generally  set  up  in  terms  of  the  spanwise  distribution  of  circulation. 

Determination  of  the  trailing-edge  potential.-  The  potential 

function  f  must  satisfy  the  linearized  partial-differential  equation 
of  steady  flow  and  the  boundary  conditions  that  are  associated  with  the 
wing  in  its  prescribed  motion.  The  boundary  conditions  on  a  wing  performing 
the  motions  considered  here  are: 

For  a  constant  angle  of  attack. 


* 
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0Z  =  -aV  (z  =  0)  (3a) 

For  a  constant  rate  of  roll, 

0Z  =  -py  (z  =  o)  (3b) 

For  a  constant  rate  of  pitch, 

0Z  =  -qx  (z  =  0)  (3c) 

Note  that,  within  the  framework  of  the  linearized  theory,  the  boundary 
condition  for  a  wing  with  a  constant  rate  of  roll  is  also  the  boundary 
condition  for  a  wing  which  has  a  linear  lateral  twist  and  that  the 
boundary  condition  on  a  wing  with  a  constant  rate  of  pitch  is  also  the 
boundary  condition  on  a  wing  which  has  linear  camber. 

The  potential  along  the  wing  trailing  edge  can  be  determined  by 
Eward * s  method  (reference  6).  From  this  reference  the  potential  at 
any  point  on  the  upper  surface  of  the  wing  may  be  expressed  as 


0(x,y)  =  -  J 

Jf 


0: 


Sl  \J(x  -  xx)2  -  B2(y  -  yi)2 


dxx  dyx  (4) 


w 
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The  area  of  integration  Sq  is  the  area  of  the  wing  plan  form  within 

the  "effective”  forward  Mach  cone  from  the  point  (x,y).  Figure  2  shows 
such  a  region  of  integration.  For  the  motions  of  the  wing  considered 
herein,  the  potential  on  the  upper  surface  of  the  wing  may  he  obtained 
by  substituting  equations  (3)  into  equation  (4)  and  performing  the 
indicated  integrations. 

The  evaluation  of  the  integrals  involved  in  finding  the  potential 
can,  however,  be  simplified  by  making  use  of  the  well-known  relation 
(reference  7,  p.  l8l) 


dP(xi,yi). 

dyi 


dxi  dyi  =  dx1 


(5) 


From  a  comparison  of  equations  (4)  and  (5)  the  function  P(xi,y1)  is 
seen  to  be  given  by 


p(xi,yi)  =  -  ^  I— -  —  ■  —  dyi  (6) 

\/(x  -  XX)2  -  B2(y  -  yq)2  i 

Hence,  from  equations  (3),  (4),  (5)^  and  (6)  the  potential  on  the  upper 
surface  of  a  wing  is  as  follows: 

For  a  constant  angle  of  attack, 

0(x,y)  =  £  sin"1  -(.7  "  yi)  dxx  (7) 

^  JSl  x  -  X± 

For  a  constant  rate  of  roll. 


*q)  -  B2(y  -  yq)2  +  y  sin 


-1  B(y  -  yq) 


X  -  X- 


dx-j_ 


(8) 
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For  a  constant  rate  of  pitchy 


.  q  X  .  -1  B(y  -  yi) 

0(x,y)  =  —  ©  x  sin  -  dx- 

iiB  ^S]_  x  -  xx 


(9) 


The  line  integrals  in  equations  (7)  to  (9)  along  the  Mach  lines  from 
the  point  (x,y)  can  he  easily  evaluated.  The  following  expressions 
for  the  potentials  are  obtained: 

For  a  constant  angle  of  attack, 


0(x,y) 


dV 

2B 


2x  -  gx(x,y)  -  g2(x,y) 


aV  ^g2M  _!  B[y  -  g(Xia 
+  —  /  sin  - 

T®  -/g1(X)  X  "  X1 


■  dX]_ 

(10) 


For  a  constant  rate  of  roll, 


0(x,y)  = 


py 

2B 


_P_ 

jcB 


2x  -  gi(x,y)  -  g2(x,y) 


+ 


pg2(x)  1 

r  / - o — r 

I-  -j 

f 

1  \|(x  -  XX)2  -  B2 

y  -  g(xx) 

4i(x)  1 

L 

L  J 

y  sin 


-1  Bfy  -  g(xx)] 
X  -  X^ 


dx- 


(id 


For  a  constant  rate  of  pitch. 


H*,y)  -Izi*2-  £ 


|si(x,y[|2  [s2(x:,y)] 


JL. 


2(x)  _i  B  [y  -  g(Xl)] 


dx- 


xi  sin*  -  oa-1 

gl(x)  x  -  X1 


(12) 
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•where  g(x]_)  is  the  expression  for  that  part  of  the  boundary  of  the 
area  Si  that  does  not  contain  the  Mach  lines  from  the  point  (x,y), 
and  -where  gi(x)  and  g2(x)  are  the  limits  of  integration  which  are 
actually  the  endpoints  of  the  g(xi)  boundary.  (See  fig.  3.)  Note 

that  equations  (10),  (ll),  and  (12)  are  applicable  to  any  plan  form  to 
which  Eward*s  method  can  be  applied.  Since  there  are  no  singularities 
in  the  integrands  of  these  equations  they  can  be  evaluated  numerically 
without  difficulty. 


RESULTS 


Expressions  for  the  trailing-edge  potentials  were  either  taken 
from  table  I  of  reference  8  or  found  by  the  use  of  equations  (10),  (ll), 
and  (12).  The  spanwise  distribution  of  circulation  was  expressed  as  a 
function  of  y  by  substituting  the  equation  for  the  trailing  edge  into 
the  expressions  for  the  potential  difference  between  the  upper  and  lower 
surfaces  of  the  wing.  These  expressions  for  the  spanwise  distributions 
of  circulation  are  presented  for  constant  angle  of  attack  in  table  I, 
for  constant  rate  of  roll  in  table  II,  and  for  constant  rate  of  pitch 
in  table  III.  The  formulas  are  valid  for  either  sweptforward  or  swept- 
back  trailing  edges,  the  proper  applications  depending  on  the  sign  of  k. 

The  results  of  the  calculations  for  the  spanwise  distribution  of 
circulation  for  wings  with  a  constant  angle  of  attack  are  presented  in 
figures  4  to  9«  An  index  of  these  figures  is  given  in  table  IV.  Similar 
results  for  constant  rate  of  roll  are  plotted  in  figures  10  to  15  and 
for  constant  rate  of  pitching  about  the  wing  apex  in  figures  l6  to  21, 
with  indexes  of  figures  for  the  two  types  of  motions  listed  in  tables  V 
and  VI.  These  figures  are  equally  applicable  for  sweptback  or  sweptforward 
trailing  edges. 

The  results  of  the  calculations  presented  in  figures  l6  to  21  are 
for  wings  pitching  about  their  apex.  The  spanwise  distribution  of 
circulation  for  a  wing  pitching  about  an  arbitrary  point  located  a 
distance  x^  downstream  of  the  wing  apex  is  given  by 

V  =  rq  -  —  ra  (13) 

q  *  aV 

where  the  subscript  q  indicates  the  spanwise  distribution  of  circulation 
associated  with  a  pitching  wing' and  the  subscript  a  indicates  the 
spanwise  distribution  of  circulation  associated  with  a  wing  at  a  constant 
angle  of  attack. 


Note  that,  if  the  total  circulation  of  a  wing  is  divided  among 
several  lifting  lines,  the  distribution  of  circulation  associated  with 
each  lifting  line  can  he  determined  by  the  superposition  of  the  distri¬ 
butions  of  circulation  associated  with  a  number  of  wings.  For  this 
reason  the  calculations  were  extended  to  rather  large  values  of  the 
parameter  AB . 

Figures  4  to  21  indicate  that  in  many  cases  the  spanwise  distribution 
of  circulation  can  be  approximated  very  closely  by  simple  curves.  Thus 
it  is  to  be  expected  that  for  these  cases  the  flow  field  behind  the 
wings  could  be  calculated  approximately  by  making  use  of  these  simple 
curves  that  approximate  the  actual  spanwise  distribution  of  circulation. 

Illustrative  curves  of  the  spanwise  distribution  of  circulation  for 
wings  with  a  constant  angle  of  attack,  a  constant  rate  of  roll,  and  a 
constant  rate  of  pitch  are  presented  in  figures  22,  23,  and  24, 
respectively.  In  figure  24  the  values  presented  were  calculated  by 
equation  (13)  for  center  of  gravity  located  to  provide  a  static  margin 
of  0.05c.  These  figures  show  the  effect  on  the  spanwise  distribution 
of  circulation  of  varying  each  of  the  parameters  -  aspect  ratio,  taper 
ratio,  Mach  number,  and  leading-edge  sweep  -  separately.  Some  specific 
variations  of  the  spanwise  distribution  of  circulation  with  the  position 
of  the  axis  of  pitch  are  presented  in  figure  25. 


CONCLUDING  REMARK 


On  the  basis  of  the  steady  linearized  supersonic-flow  theory  the 
spanwise  distribution  of  circulation  resulting  from  constant  angle  of 
attack,  from  steady  rolling,  and  from  steady  pitching  was  determined 
for  a  series  of  thin  sweptback  tapered  wings  with  streamwise  tips  and 
with  supersonic  leading  and  trailing  edges. 

Langley  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Langley  Field,  Va.,  October  24,  1951 
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TABLE  I.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  ANGLE  OF  ATTACK  -  Continued 
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TABLE  I.-  CIRCUIATION  EXPRESSIONS  FOR  CONSTANT  ANGLE  OF  ATTACK  -  Continued 


h  _  AB(  1  +  X)  (Bm  +  l)  -  Wb 
h/2  BmAB(l  +  X) 


b/2  AB(1  +  X) 


Range  of  Expression  for  circulation  along  the  span;  Mach  line  from  center  intersecting  trailing 

h/ 2  edge  and  intersecting  Mach  line  from  tip;  unswept  trailing  edge 


h/2  h/2 


_*_<  Z  <  e 

h/2  h/2  h/2 


2Vah/2  |  fy_  4mB 


i  .  y2  Bm  +  y 

1"nB  +  1  1  Cmnl 

,  to  . 

\  (b/2)2  W 

__  AB(  1  +  X) 

AB(1  +  X)  ~ 

2Vab/2  I _ 2_ 

*  1 


_ 1 _  [  4mB  y 

B2m2  -  1  IaB(1  +  X)  "  h/2 


-I  C0S"1 

aJ\ 


B2m2AB  ( 1  +  X)^-  -  to 
Bm|to  -  AB(l  +  X)-^_ 


i  AB(l  +  X)(l  +  2Bm)^~  +  to  -  2AB(l  +  X)(mB  +  1) 
to  -  AB(1  +  X)-?- 


-L-S  JL^i 

h/2  "  h/2  " 


fy  +  to  ~| 

[h72  AB(  1  +  X)_j 


B2m2AB(l  +  X)~*7—  +  4mB 

■1  J. _ 

Bm  |ab(  1  +  +  ltosj 


b/2  AB(1  +  X) 


(1-i$p-l)1,<1+x)  +  *[1 


i  -  (i  -  x)JU 

Vsl 


2 

AB(X  +  X) 
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TABLE  II.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  ROLL 


i  2k[AB(l  +  X)  -  2} 


b/2  AB(l  +  X)(k  +  1) 


Range  of 


Expression  for  circulation  along  the  span;  Mach 
line  coincident  vith  leading  edge 


o<  jl<4- 

=  b/2  =  b/2. 


8p(V2)2  -  xlklftl  "  X)2(l  -  +  8kAB(l7  +  1&2  |i 

3*AB(l  +  X)  V2y  (b/2)2  b/2  Jk2 


h  y 
—  <—<£! 
"b/2  -  b/2  “ 


gp(V2)‘ 


3*k/k 


Range  of 


1^1 

h 

b/2 

_  k [ab(1  +  X)(Bm  +  1)  -  4hlb| 

AB(l  +  X)(Bmk  +  1) 

>c 

• — 

> 

s' 

b/2 

d 

2Bmk[AB(l  +  X)  -  |] 

d 

b/2 

AB(1  +  X) (Bmk  +  1) 

Expression  for  circulation  along  the  span; 
Mach  line  intersecting  tip 


<  JL.<  JL_ 

“  b/2  b/2 


A2B2(l  +  X)2 


m2k  -  1.)  y 


A2B2(1  +  X) 


1  +  X)(l  +  k)~t—  +  4mBk 

b/2 
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TABLE  II—  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  ROLL  -  Continued 


Expression  for  circulation  along  the  span; 
Mach  line  intersecting  tip 


2p(Va >' 


Mb2!!!2  -  l)3/2 


if 

V2|[o 


5(1  -  bW)  +  JL  +  1(Ag  _  _ 

(b/2)2  AB(1  +  X)  b/2  A2B2{1  +  x)2jV 


pigd  +  kx-aVk  +  k .  1) . 1  jj 

lib/2)2  AB(l  +  X) 


y 

h/2 


l6B2m2k2 


A2B2(1 


2k2  1  -1 

- rr  cos 

+  xr 


AB(1  +  X)(B2m2k  +  l)~^  + 


BhiJab(1  +  X)(l  +  k)-J-  +  4mBkjJ 


*[* 


-(1  -  k)(2B2m2k  -  1  -  k)  + 


8Bmk(B2m2k  -  l)  y 

l6B2m2k2 

/ 

AB(l  +  X)(B2m2k  -  l)-L  -  4mBk 
h/2 

AB(1  +  X)  h/2 

A2B2(1  +  X)2 

\  } 

Bm]AB(l  +  X) (l  -  k)J^  +  4mBkj 

AB(l  +  X)(l  +  k  +  2Bmk)~L  +  4mBk  -  2kAB(l  +  X)(Bm  +  l) 


AB(1  +  X) (l  -  k)JL  +  4mBk 
h/2 


~~T  hTp^  +  1  +  111115  "  2jnEk  -  2m2B2k)  +  +  1\  +  (2k  -  4m2B2k  - 

3/k[W2  AB(1  -  X) 


2mBk)  l /(Bm  +  l)  J - +  Bmk)  + 

L  (V2)2 


y  P  4mEk  71  4mBk 

v  /_  I"”  - - -  +  k  +  PmBk  +  1 1  +  - ■  —  k 

V2|_ab(i  +  x)  j  ab(i  +  x) 


Bfflk 


2p(h/2)' 


— - -  (  P^(l  +  k)  (2B2m2k  +  1  .  k)  +  SaUctB^  +  1)  _y_ 

■tk2^  -  1)3/2  l  [(b/2) 2  AB(1  +  X)  b/2 


16B 2m2k2 


A2B2(1 


i2k2 


,-l 


AB(l  +  X) ( 2Bmk  +  1  -  k)I  -  2kAB(l  +  X)(Bm  -  l)  +  4mBk 
n 


AB(1  +  X)(l  +  k)£  +  4mBk 
h 


r y 

— +  1  -  4mB  -  2mBk  +  2B2m2k)  +  (-2k  +  4B2m2k  -  2mBk) 


’( 1  +  Bmk)  +  rrrp  — ;--k - k  +  2mBk 

b/2[_  AB(1  +  X) 


4mBk(4mB  -  1)]  I  f  y2~ 

AB(1  +  X)  _|l  *  1 (b/2)2 


-v  1 

l|  +  — -  +  k  -  Bmk  L 

J  AB(1  +  X)  JJ 


\NACA 
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TABLE  II.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  ROLL  -  Continued 
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TABLE  II.-  CIRCULATION  EXPRESSIONS  EOR  CONSTANT  RATE  OF  ROLL  -  Continued 


f 

\  / 

\  / 

\  / 

\  7 

\  / 

V  / 

\  / 

/ 

/ 

/ 

/ 

h  2 

h/2  " 

[AB(1  +  X)  -  1] 

AB( 1  +  X) 

C 

"V 

N — h 

h/2 

y 

Expression  for  circulation  along  the  span;  Mach 

line 

Range  of  — — 

&  b/2 

coincident  with  leading  edge;  unswept  trailing- edge 

y  h 

o  <  J  < 

8p(b/2)2 

y  i/  a2t,2/i  ^2  y 

2 

-a.  i  A 

=  b/2  =  b/2 

3*AB(1  +  X) 

IspV 

-  (b/2)2  _ | 

h  <  y  <  x 

2p(b/2)2|7  y 

-  Jsfi  -  y) 

r> 

*  1 

b/2  ~  b/2  " 

3*  b/2 

AB(1  +  X 

dv  \ 

[b/2  AB(  1  +  X)J 

22 
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TABLE  II.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  ROLL  -  Continued 


TABLE  II.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  ROLL  -  Concluded 


b/2  AB(1  +  X) 


NACA  TN  2643 


h  _  AB{1  +  X) (Bm  +  1)  -  4mB 
b/2  BmAB(l  +  \) 


b/2  “  b/2  e  b/2 


Expression  for  circulation  along  the  span;  Mach  line  from  center 
intersecting  trailing  edge;  unswept  trailing  edge 


|~y2  (1  -  2B V)  +  — 6B3m3  y  _  l6B2m2  ~j 

[(.b/2)2  AB(1  +  X)  b/2  A2b2(!  +  X)^j 


2K(B2m2  -  l)3/2\U.V2> 


»2m2\  .  8B3m3 


AB(1  +  X)  b/2 


h  jr 

b/2  ”  b/2  “  1 


l6B2m2  ~|  i  AB(1  +  X)(2Bm  +  +  "  2AB(1  +  X)(mB  +  l) 

- t  cos'1  - - - 2A£ _ _ _ 

A2B2(i  +  x)^j  4mB  _  AB(1  X)J[_ 

L  'b/2 


“3 -IBs 


(3  -  2mB  -  2m2B2)  +  2{1 


l/{Bm  +  1). 

JL 

r  4mB  ,  _  _ 

1  +  4nB  1  Bm! 

/ 

[  (V2) 2  b/2l 

Lab(i  +  x) 

AB(1  +  X)  j 

/ 

, y  ^  b/2 


h  _  AB(1  4  1)  -  4 
b/2  AB(l  +  X)  -  4(1  -  X) 


Expression  for  circulation  along  the  span;  unswept  leading  edge; 
Mach  line  from  tip  does  not  intersect  remote  half-wing 


0  <  —  <JL 

"  b/2  “  b/2 


4[T-  (1  -  X)JQ 
2p(b/2) 2  _L _ 

AB(1  +  X)  b/2 


b  <  y 

b/2  =  b/2 


1  J8E  ~  (1  ~  X)b7 


3i/ab(1  +  X)  1  AB(l  +  X)  b/2  "  b/2, 


'E ' (1  -  x)S7l]} 


“<1  +  X>  W2 
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TABLE  TIT.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  PITCH 


h  2k  [ab(1  +  X)  -  0 

b/2  AB(1  +  X)(k  +  1) 


2qB(b/2): 
irkmB  ( B2m2  • 


h  _  k[AB(l  +  X)(Bm  +  1)  -  lfcrij 
V2  "  “  AB( 1  +  X)(Bmk  +  1) 

d  _  2mBk(AB(l  +  X)  -  2^ 
b/2  AB(1  +  X)  (Bmk  +  l) 


Expression  for  circulation  along  the  span;  Mach  line 
from  the  wing  apex  intersecting  tip 


/g)£  [~y  +  ~l  ifl _ y2  _  B2m2k2)  881111  y  +  l6B2m2k2  ~] 

m2  -  1)  [b/2  ABU  +  »-)J  |k2[(t/2)2  AB(1  +  b/2  A2B2(1  +  x)2j 


i -  [i-£— (k  -  l)f2  -  B2m2(k  +  1)1  +  3Mc  (k  +  B2m2  -  2 )-2- 

wrnl|;Va)2  ab(i  +  \)  V2 


b/2  ‘  b/2  A2B2(1  +  X)2 


(B2m2  -  2) 


btttx: 


Bm  [(1  -  k)-X-  +  — — ~  | 

[_  b/2  AB(1  +  X)J 


(k  +  1)22  -  BV(k  -  1)1  +  8Bmk  (Bgmg  -  2  -  k )-*- 

(b/2)2  AB(1  +  X)  b/2 


16bW(bV  -  2)1  cos_x  <  ^/j(l  +  E2m2k)  *  AB(T^  X) 

a2b2(i+x)2  J  1Biri.k)JL.  ^ 

L  V2  AB(1  +  X) 


26 
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TABLE  III.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  PITCH  -  Continued 
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TABIE  III.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  PITCH  -  Continued 


* 


% 


\ 


J 
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TABLE  III.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  PITCH  -  Continued 


Range  of 


y 

b/2 


Expression  for  circulation  along  the  span;  Mach  line  from 
edges  and  intersecting  Mach  line 


wing  apex  intersecting  trailing 
from  tip 


2qB(b/2)2 
jrkmB(B2m2  -  l) 


(k  -  1)  [2  -  B^i2(k  +  lj] 


+ 


8Bkm 

AB(1  +  X) 


■(k  +  B2m2  -  2)-^_  + 

h/2 


*  <  y_<  1 
hj2~tf2  = 


lgB^^CB^2  -  2)~] 
A2B2(1  +  X)2  J 


JU 


1  + k  ^  *  jjgrrg-  -  a(mB  1 11 

-Ul  -  k)  + 

b/2  AB(1  +  X) 


+ 


-  B^k  -  4mB  +  2B3m3k  +  5B2m2)  +  (J+Bkm  +  2B2m2k  -  2B3m3k)  + 


4Bmk(-6  - 
AB( 


4mB  +  ^bV)].  1  f 

1  +  X)  J  k(Bm  -  1)  j 


,U  *  Bask)  +  JLp— ^  +  k  +  1  +  2Emin  +  — 

(h/2)2  b/2 L  AB(1  +  X)  J  AB(1  + 


-  k(Bm  +  l) 


i 


_e_  _  _ 4mBk _ 

b/2  AB(1  +  X) (Bmk  -  1) 

h  J  k[AB(l  +  X)(Bm  +  1)  -  4mB) 
b/2  AB(1  -  X) (Bmk  +  l) 


Range  of 


b/2 


o*?4-£  * 

b/2  b/2 


Expression  for  circulation  along  the  span;  Mach  line  from 
wing  apex  intersecting  trailing  edge 


2qB(b/2)2 

ry 

.  ^kmB  1 

1  1  r  y2  n 

jtkmB(B2m2  -  1) 

|b/2 

AB(1  +  X)J 

||k2[(V2)2( 

8Bmk 


l6B2m2k2 
1  +  X)2 


AB(1  +  X)  b/2  A2B2( 


#=7  ■  B2“2(k  *  *3  *  *  bV  -  * 


l6B2m2k2 


A2B2(1  +  Ij2 


(B2m2  -2)1  cos 


•} 


O 

-  BVk) 

4Bkm  ~1 

AB(l  +  x) 1 

Bm[(l 

-  k)-Z-4 

4Bkm  “1  ” 

L  L 

b/2 

AB(1  +  X)J_ 

AB( 1  +  X) 


( B2m2  -  2  -  k)-L 


leB^k2 


b/2  A2B2(l  +  X)2 


~\  C-rr(  1  -f  B2m2k)  +  — 

(B2m2  -  2)L  cos-1  hll _ AE^  + 

J  Bm[(l  +  k)-4-  +  — Mk 
L  L  b/2  AB(1  +  ; 


j||KgBgpg 
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TABIR  III.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  PITCH  -  Continued 
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TABLE  III.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OR  PITCH  -  Continued 


h  AB(l  +  X)(Bm  +  1)  -  4mB 
b/2  BraAB(l  +  X) 


d  _  2[AB(1  +  X)  -  2| 
t>/2  AB(1  +  X) 


Egression  for  circulation  along  the  span;  Mach  line  from  wing  apex  intersecting 
trailing  edge  and  intersecting  Mach  line  from  tip;  unswept  trailing  edge 
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TABLE  III.-  CIRCULATION  EXPRESSIONS  FOR  CONSTANT  RATE  OF  PITCH  -  Concluded 


e  =  4 

V2  "  AB(1  +  X) 


h  =  AB(1  +  X)(Bm  +  1)  -  4mB 
b/2  BmAB(l  +  X) 


Expression  for  circulation  along  the  span;  Mach  line  from  center  intersect! 
trailing  edge;  unsvept  trailing  edge 


2qB(b/2)2  | 

4mB 

x(B2m2  -  1) j 

^B{1  +  X) 

+ —  ij-Bm  _yi_  +  — § _ y. 

tfTT  L  (V2)2  AB{l  +  X)  h/2 


0  <  <  -~— 
~  b/2  =  b/2 


l6Bm(B2m2  -  2) 

-mBAB(l  +  X)^  +  4 

A2B2(l  +  x)2_ 

-  JL  AB(1  +  X)  +  4mB 

yc _ 8  y 

(b/2)2  "  AB(1-+  X)  b/2 


l6Bm(B2m2  -  2")"] 

mBAB(l  +  X)JL  +  4~ Tj 

A2B2(1  +  X)2J 

4mB  +  ~X-  AB(1  +  X) 

-  V2  J 

b72  -b72  =  V2 


qB(h/2)2 
(B2m2  -  l)3/2 


[7B2m2  _jf  .  +  8  _y_  +  l6Bm(B2m2  -  gTl 

L  (V2)2  ab(i  +  X)  b/2  A2B2(1  +  X)2J 


qB(b/2) 2  y2 _ 8Bm  y  _  l6Bm(B2m2  -  2)~| 

m2B2  _  i)3/2lL  (b/2)2  '  AB(1  +  X)  ^72  +  ~k2B2{l  ~  xf  JC°B' 


-7— (2Bm  -  1)  +  — — _  _  2(nB  -  1) 
1  b/2 _  AB(1  +  X)  ^  ‘ 

jl-  +  _ laa _ 

I—  b/2  AB(1  +  X) 


b/2  =  h/2  =  1  ~  "  1|^i(-B2m2  +  2B3m3)  +  x)(-6  -  FmB  +  5m2B2)  +  4mB  +  2B2m2  - 


1,/  1  J 

-Bm  y~  +  y 

4mB  ,  _~| 

i] 

J  y (mB  -  1) 

(b/2)2  b/2 

_ AB( 1  +  X) 

+  — - - (mB  +  1) 

AB(1  +  X) 

V 

h  =  AB(1  +  X)  -  4 
b/2  AB(l  +  X)  -  4(1  -  X) 


Expression  for  circulation  along  the  span;  unsvept  leading  edge;  Mach  line 
from  tip  does  not  intersect  remote  half-ving 


o<  y  <JL 
=  V2  -  -b/2 


b  <  JL<  1 
V2  "  b/2  " 


a2b2(1  +  X)2|_  b/2  _ 

gBqtb/g)^^1  -  X)  -  ^  fB(l  *  Hfe  -  J-)  +  ^  -  (1  - 

~ *  V  aV<i  *  ,->2  ""  1  ^ 


■?  (abC  1  4-  ill  3/2 


1 


5L 
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TABLE  VI.-  INDEX  TO  CURVES  FOR  CIRCULATION  ALONG  THE  SPAN  FOR  CONSTANT  RATE  OF  PITCH , 


_ r_ 

Bqh2 


* 


% 


V 


Mach  lines 
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bD 

0 

P 

X 

X 

•H 

X 

ri 

r— ! 

• 

o3 

0 

■H 

X 

X 

o3 

o 

EH 

bO  -P 

P 

0 

<! 

P 

X 

CQ 

•H 

a 

P 

X 

O 

P 

0 

0 

o3 

P 

o 

X 

> 

0 

ch 

p 

•H 

H 

ft  H 

CQ 

•H 

03 

o 

<D 

-p 

X 

bO 

•H 

P 

o 

0 

a 

•H 

P 

p 

P 

o 

rH 

0 

CQ 

Xl 

0 

X 

p 

X! 

x 

0 

P 

0 

O 

•H 

o 

cti 

§■ 

1 

0  X 

CQ 

A 

X 

ft 

< 

CD 

O 

•H 

X 

0 

X 

• 

-p 

CQ 

0 

X 

P 

P 

1> 

0 

X 

0 

0 

•H 

-p 

o3 

X 

X 

X 

o3 

X 

P 

X 

H 

0 

X 

•H 

•H 

CQ 

P 

0 

O 

-P 

0 

Ph 

X 

eg 

a 

CQ 

o 

a 

o 

P 

p 

/ — s 

O 

p 
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iH 

o 

-P 
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•H 

0 

o3 

CQ 

X 

p 

P 

ft 
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•H 
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•H 
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ft 

CD 

P 

O 

H 

p 

CQ 

0 

o3 

Eh 

O 

•rH 

X 

S 

< 

O 

P 
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0 
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bO 

c3 

O 

X 

X 
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X 
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•H 

p 

0 
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X 
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CQ 
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ch 
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ft 

X 

bO  H 
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o3 

rH 

X 

EH 
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X 
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CQ 

i 

P 

bD 

P 

o 

• 

•H 

P 

o3 

0 

ft 
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rH 

•H 

X 

•H 

X 

0 

O 

0 

03 

o3 

bD 

a 

^ — 

p 

P 

0 

X 

0 

o3 

3 

X 

i — 1 

0 

p 

X 


distribution  of  circulation  along  the  span  for  wings  at 
constant  angle  of  attack  with  X  =  0,25. 


distribution  of  circulation  along  the  span  for  wings  at 
constant  angle  of  attack  with  X  =  0.50. 


250 


Figure  o.-  The  distribution  of  circulation  along  the  span  for  wings  at 
a  constant  angle  of  attack  with  \  =  0.75. 


Figure  8.-  Continued 


Bm=/0 


r/7  = 


Bm 


Figure  12.-  The  distribution  of  circulation  alon 
a  constant  rate  of  roll  with  X 


3m  =  /0 


distribution  of  circulation 


distribution  of  circulation  along  the  span  for  wings  with 
a  constant  rate  of  roll  with  A.  =  1.00. 
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The  distribution  of  circulation  along  the  span  for  triangular 
wings  with  a  constant  rate  of  pitch. 


°0QQo,O  k 


im 


JOO 
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b/2 


(a)  Variation  with  Mach  number.  A  =  4;  A  =  30°;  X  =  0.5 


_y 

b/2 


(b)  Variation  with  aspect  ratio.  M  =1.53;  A  =  30°;  X  =  0.5 

Figure  24.-. Some  illustrative  variations  of  the  distribution  of  the 
circulation  along  the  span  with  Mach  number,  aspect  ratio,  sweep 
back,  and  taper  ratio  for  wings  with  a  constant  rate  of  pitch. 
Static  margin  of  0.05c. 


(d)  Variation  with  taper  ratio.  A  =  k;  M  =  1.53;  A 


Figure  2k. -  Concluded. 
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eg.  located  at  nmng  apex 


c.g.  located  a  distance  H  chord  lengths 
downstream  of  mmg  apex 


c.g.  located  a  distance  £  hi  chord 
tengths ,  downstream  of  > 
in  mg  apex  / 


'  0  .2  .4  .6  .6  /0 

_y_ 

b/2 

(a)  M  =1.25;  A  =  4;  A  =  30°;  X  =  0.5. 

Figure  25.-  Some  illustrative  variations  of  the  distribution  of  the 
circulation  along  span  with  the  position  of  the  axis  of  pitch  for 
wings  with  a  constant  rate  of  pitch. 
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Figure  25. -  Continued. 


NACA  TN  2643  1.  Flow,  Supersonic  NACA  TN  2643  1.  Flow,  Supersonic 
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trative  variations  of  the  spanwise  distributions  of  trative  variations  of  the  spanwise  distributions  of 

circulation  with  the  various  design  parameters  are  circulation  with  the  various  design  parameters  are 

also  presented.  also  presented. 
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